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^5 . We demonstrate how various geometries can emerge from Yang-Mills type matrix niodels 

with branes, and consider the examples of Schwarzschild and Reissner-Nordström geometry. 
We provide an expHcit embedding of these branes in R^'^ and R^'^, as weh as an appropriate 
Poisson resp. symplectic structure which determines the non-commutativity of space-time. 
The embedding is asymptotically flat with asymptotically constant 6"^'^ for large r, and 
therefore suitable for a generahzation to many-body configurations. This is an illustration 

^+ . of our previous work [1], where we have shown how the Einstein- Hubert action can be 

^^ ' reahzed within such matrix modeis. 
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1 Background and introduction 

It has been argued in numerous publications that combining the basic aspects of Quantum 
Mechanics and General Relativity strongly suggests a quantum structure of space-time itself 
near the Planck scale — see for example Ref. [4]. One approach to realize this idea is to 
replace classical space-time by a quantized, or non-commutative (NC), space-time. Coordinate 
functions x^ are promoted to Hermitian Operators X^ acting on a Hubert space Ti, which 
satisfy certain non-trivial commutation relations 

[X^',X'']=i9^"'. (1) 

In the simplest case one may consider a Heisenberg algebra, corresponding to constant 9^'^ 
which commutes with the X^^. This has been studied extensively in the past (cf. [d-lSl for a 
review of such "non-commutative" field theories). However, in the context of gravity it seems 
essential that this commutator 9^'^ becomes dynamical. Indeed, semi-classically it determines 
a Poisson structure on space-time, as we will discuss below. 

It has been shown previously [a48|] that matrix modeis of Yang- Mills type naturally realize 
this idea, and incorporate at least some version of (quantized) gravity; see Ref. [9] for a review. 
Hence we start our discussion with the matrix model action 

Sym = -Tt[X^,X'] [X^ X^acVbd , (2) 

where 7]ab denotes the (Hat) metric of a D dimensional embedding space, with arbitrary sig- 
nature. The "covariant coordinates" X"' are Hermitian matrices, resp. Operators acting on a 
Hubert space Ti. It was shown in Ref. [lO!] that if one considers some of the coordinates to be 
functions of the remaining ones such that X" ~ x" = (x^, 4>^{x^)) in the semi-classical limit, one 
can Interpret the x" as defining the embedding of a 2n-dimensional submanifold A^^" "^-t- R^ 
equipped with a non-trivial induced metric 

9ßu{x) = d^x°-dux''rjab , (3) 



via pull-back of rjab- In the present case we consider this submanifold to be a four dimensional 
space-time Ai'^, and following 10|] we can Interpret 



[x'',x'']^ie'"'{x) (4) 

as a Poisson structure on A4 . Furthermore, we assume that 9'^'^ is non-degenerate, so that its 
inverse matrix Ö~J defines a symplectic form = 6~j}dx'^ A dx'^ on Ai^. 

The essential point is now that the Poisson structure 6^'^ and the induced metric g^j^ combine 
to the efFective metric 



detö^lJ 






It is, in fact, this effective metric G^lv which is "seen" by matter [g] (i.e. scalar fields, gauge 
fields, and fermions possibly up to conformal factors), and which therefore must be interpreted 
in terms of gravity. In the present work, we restrict ourselves to the special case of G^y = g^i, 
in 4 dimensional space-time A^^. It is easy to see that this is equivalent to Ö~J being (anti)self- 
dual, by which in the case of Minkowski signature we mean -kg© = ±i0. This requires that 
9^'^ is complexified, as discussed in Section 12.21 The Yang-Mills action ([2D then reduces in the 
semi-classical limit to 

Sym = -T¥[X^X''][X^X^]r?,,r/M ~ ^ /^S, (6) 

which in General Relativity (GR) is interpreted as cosmological constant. We also recall that 
([2]) leads to the following equation of motion for ö^'^ 

Vl{e^9-,') = Gpy9'^>^e~'^d,v, rj^^G^^-g^y= e^ . (7) 

4 G=g 

This equation holds identically for G^y = gfj,y i.e. for self-dual 9^^'^, and is therefore not restricted 
to the model ^. 

Einstein-Hilbert action. In a previous paper [l], we have shown that the following combi- 
nation of higher order terms in the matrix model semi-classically lead to the Einstein-Hilbert 
type of action: 

Se-u = Tr (2r'^^DX,DX5 - T^'DHab) ~ -2 f^e^''R[g] , (8) 

where 

H-' = ^[[X%X%[X\X,]U, 

aY=[X\[Xa,Y]]. (9) 

Latin indices are pulled down with the (flat) background metric rjab (i-e. Xa = r]abX^), and 
R[g] denotes the Ricci scalar with respect to the metric G = g of the submanifold A^^. Such 
actions can be added by hand, but they will also arise upon quantization of the Yang-Mills 



matrix model ([2|). It was argued in [ll] that the factor e^'^ sets the scale and introduces the 
gravitational constant G. 

Under reasonable conditions (such as global hyperbolicity), every 4-diniensional manifold 
can be equipped with a self-dual (complexified) symplectic form O. Then the classical embed- 



ding theorenis ll|, [l^ imply that one can realize every 4-dimensional geometry as semi-classical 
configuration in the matrix model with g^y = G^^- In the present paper, we illustrate this gen- 
eral fact by providing an explicit construction of the most important Solution: the Schwarzschild 
geometry. Subsequently, we also construct Reissner-Nordström (RN) geometry by following the 
same steps. 

There are several possible actions which extend ([8]) beyond the case g = G and which may 
imply difFerent equations for ö^^ and for e" . We therefore restrict ourselves to the construction 
of geometries which are Solutions to GR, equipped with self-dual 9^^^ . We do not check here in 
detail whether the above action ([8]) admits these Spaces with self-dual 6^^ as Solutions. Indeed 
additional terms in the action should be expected, leading e.g. to a potential for a and possibly 
to deviations from 9^^ being self-dual. The point of this paper is not to present final answers 
but to illustrate how geometries such as Schwarzschild are expected to arise within this class 
of matrix modeis. In the same vein, we will also assume that the Yang-Mills resp. vacuum 
energy term Q is negligible compared with the Einstein-Hilbert action ([8]), thus setting the 
cosmological constant to zero. There are several intriguing hints that the role of vacuum energy 
in this framework may be different than in GR [9J]. 

Furthermore, we only consider the semi-classical limit of the matrix model in the present 
paper. Thus we will recover precisely the Schwarzschild geometry (resp. RN geometry), and the 
central singularity will be reflected by an embedding which escapes to infinity as one approaches 
the Center. Of course, the main appeal for this framework compared with other descriptions of 
gravity is the fact that it goes beyond the classical concepts of geometry: Space-time is not put 
in by hand but emerges, realized as non-commutative space with an effective geometry, along 
with gauge fields and matter. Hence one should expect that non-commutative modifications 
become important as one approaches the singularity. However, this requires to go beyond 
the semi-classical approximations of this paper, which we will indicate by briefly discussing 
higher-order terms in the star product in Appendix iBl 

Finally, we want to emphasize that the actions under consideration are expected to arise 
upon quantization of Yang-Mills matrix modeis, such as the IKKT model [13t |. In particular 
the latter model is a promising candidate for a quantum theory of fundamental interactions 
including gravity. Of course, much more work remains to be done in order to fully understand 
this class of modeis. 

2 The Schwarzschild geometry 

We now show how the most important Solution of General Relativity can emerge from the 
class of extended matrix model action presented in the previous section: the Schwarzschild 
geometry. We will restrict ourselves to the semi-classical limit here, however a possible way to 
obtain higher-order corrections in 9^'^ is discussed in Appendix iBl 

2.1 Embedding of Schwarzschild geometry 

Our construction involves two steps: 



1) the choice of a suitable embedding Ai^ C R such that the induced geometry on 7W^ 
given by gfj_u is the Schwarzschild metric, and 

2) a suitable non-degenerate Poisson structure on Ai'^ which solves the e.o.m. V^Ö^J = 
for self-dual syniplectic form 0. 

Both Steps are far from unique a priori. However, the freedom is considerably reduced by re- 
quiring that the Solution should be a "local perturbation" of an asymptotically flat (or nearly 
flat) "cosmological" background. This is clear on physical grounds, having in mind the ge- 
ometry near a star in some larger cosmological context: it must be possible to approximately 
"superimpose" our Solution, allowing e.g. for Systems of stars and galaxies in a natural way. 
This eliminates the well-known embeddings of the Schwarzschild geometry in the literature 



144161] ■ which are highly non-trivial for large r and cannot be superimposed in any obvious 
way. In fact we require that the embedding is asymptotically harmonic Ox"" — >■ for r — )• oo, 
in view of the fact that there may be terms in the matrix model which depend on the extrinsic 
geometry, and which typically Single out such harmonic embeddingq^. 

Furthermore, we insist that 9^'^ is non-degenerate, and 9^'^ — )• const. 7^ as r — )• cxd. This is 
again motivated by the requirement that physics at large distances should not be affected by a 
localized mass. In particular, e"^ defines essentially the scale of non-commutativity, and certainly 
enters in some way e.g. the physics of elementary particles (In fact, e'^ determines the strength 
of the gauge coupling in the matrix model [6|, llO|). Therefore, e"^ should be asymptotically 
constant and non-vanishing. This is an important difference to previous proposals for a non- 



commutative Schwarzschild geometry (see in particular 18|, ll9|| and references therein), where 
the Poisson structure is degenerate and/or not asymptotically constant. Hence 9^'^ will be 
viewed as some cosmological background field which is locally perturbed by a mass. Recall 
that such a background is essentially invisible, since there are no fields in the matrix model 
which are charged under the corresponding U{1). It enters the effective actions only through 
the gravitational metric G^jy. 

Note that these boundary conditions for 9^'^ are not in conflict with the idea that 9^'^ may 
be locally fluctuating and should perhaps be averaged over or integrated out. We will discuss 
this possibility further below. 

In Order to obtain an appropriate embedding, keeping in mind the conditions we have just 
discussed, we consider Eddington-Finkelstein coordinates and dehne: 



t = ts + {r* — r) , r* = r + Tc In 



^-1 



(10) 



where ts denotes the usual Schwarzschild time, Vc is the horizon of the Schwarzschild black hole 
and r* is the well-known tortoise coordinate. The metric in Eddington-Finkelstein coordinates 
{i, r, 1?, Lp] is 

ds^ = -(l-1) df + '^dtdr + f 1 + -) dr2 + r'^dü^ (11) 

which is asymptotically flat for large r, and manifestly regulär at the horizon Vc- Thus, we only 
need to find a good embedding of this metric. To reproduce the mixed term, consider first 



^This can hold only asymptotically, since Ricci- flat geometries can in general not be embedded harmonically 

El. 



which satisfies 



2u2 






dfd'dr 



iog'h"^ 



So we demand 



which is satisfied for 



drcb^dr 



'u2 

cog n 



g'^h" + h'^ . 



Lü h 



(13) 



(14) 



MO = -A - 



r 



Furthermore, smce g''^h? = tog'h? - 
Hence, we need another coordinate 

with time-hke embedding. So we have 



g{r) = ojr . (15) 

we need to cancel the h'"^ term in Eqn. ()13p above. 



03 = Hr), 



(16) 



01 + «02 
03 

and the embedding of A^^ C MJ is given by 

/ 



93e 

üj y r 



t 



iLj{t+r) 



(17) 



v 



r cos ip sin iD 

r sin (/3 sin i? 

r cosi? 

^cos(a;(t + r)) 

^sin(w(t + r)) 
1 



(18) 



(i.e. we consider D = 7 in this example). Together with the background nietric 

Tjab = diag(-, +, +, +, +, +, -) , 



(19) 

this induces precisely the Eddington-Finkelstein nietric ([TT]) above. 

Before we proceed to deterniine the symplectic form, let us take a closer look at the proper- 
ties of this embedding: First, notice that the u (appearing in the 0i) does not enter the effective 
fom' dimensional nietric, i.e. it is "hidden" in the three extra dimensions. Furthermore, we 
must emphazise that 03 is an additional time-like direction. Asymptotically, i.e. for r — )• oo, 
Eqn. ()18p describes flat four dimensional Minkowski space where the extra dimensions (pi ^ - 
become infinitesimany small. On the other hand, when one approaches the singularity of the 
Schwarzschild black hole at r = 0, these extra dimensions blow up and become arbitrarily large. 
In particular, note that then 03 should be interpreted as asymptotic tinie (which is unbounded), 
i.e. 

T := 03 , r = r, -^ , (20) 



ÜJ 



22^2 



so that 



V 



h + i<t>2 

03 



/ 



/ ^' ^ 

-j^ (sin ■!? sin ip, sin t? cos ip, cos i?) 
T 



\ 



(21) 



for large T. This is a helicoid-like (cone-like) geometry in {T, t} with (increasing) radius T and 
t playing the role of the angle variable, times a contracting sphere of radius j^. The geometry 
of the submanifold A4^'^ C IR^'^ is completely regulär, and the central singularity is reflected 
by an embedding which escapes to infinity. Near this singularity, the geometry is effectively 
2-dimensional. An Illustration is given by FigurefH 




Figure 1: Embedded Schwarzschild black hole. On the top, a schematic view of the outer 
region of the Schwarzschild black hole is shown. After passing through the horizon r = rc, the 
extra dimensions (pi "blow up" in a cone-like manner. As indicated in the lower half of this 
figure, every point of the cone is in fact a sphere whose radius r becomes smaller towards the 
bottoni of the cone (i.e. T oc Xj \/r). The twisted vertical lines drawn in the cone are lines of 
equal tinie t. 

Of course, quantum effects will play a major role near r = 0. This implies that the semi- 
classical approximation we are currently considering will break down in the vicinity of that 
region. We expect that these non-commutative effects will regularize the would-be singularity. 
For example, the contracting sphere of radius ^ may become fuzzy |20| , so that for large T 
the present geometry could become effectively 2-dimensional with an extra-dimensional fuzzy 
sphere. 

In Order to understand the meaning of the extra dimensions (pi at large distances r — )• oo 
from the Schwarzschild black hole, it is instructive to consider the following modification resp. 
higher-dimensional extension of the Schwarzschild geometry. Consider the 6-dimensional space 



W^ X AdS^ C R' defined by 



^ + 4-cßl = R\ (22) 



Here the (ßi describe an AdS'^ space embedded in R^, which can be parametrized as 



«As = 03 • (23) 

The Schwarzschild manifold described above is then recovered by setting 

u = t + r, </,3 = -./!^, andi? = 0, (24) 

CO \ r 

while R ^ corresponds to a modification of the Schwarzschild geometry. The length element 
of AdS'^ C E^ is given by 

T-.2 

ds'^ = d(pl + d(pl - d(pl = u^ {(1)1 + R^) du^ - — -dc^l . (25) 

03 + R 

Note that there is no contribution from the time-like coordinate dcj)"^ for R = since it is 
embedded in a null direction. The metric on AdS"^ then becomes degenerate and space-like, 
with very small radius as r — t- oo. Hence, this extra AdS'^ can be interpreted as physical extra 
dimension which naturally becomes "invisible" for large r, i.e. far away from the Schwarzschild 
black hole. The point is that such an AdS"^ could arise naturally in matrix modeis similar to 



fuzzy spheres, and may play an interesting physical role, cf. 2114241]. 



2.2 Symplectic form 

As mentioned in the introduction we consider the simple class of self-dual geometries where the 
effective metric G^^, equals the induced metric g^^- Hence we need to find an (anti) self-dual 
symplectic form so that 



(26) 

(27) 

9ßu = G^,y , (28) 

so that we are dealing with an almost complex manifold. Moreover, the symplectic structure 
is necessarily complexified in a way which is determined by ^7^ = — 1. Thus the last relation 
specifiecl the "real form" oi 9^^ . 

Furthermore, we require = Oj^^dx^ Adx'^ to lead to an asymptotically constant e~°" since, 
as mentioned previously, we would like to describe everything as a local perturbation of flat 
Moyal Space. To be more specific, we demand 

lim e"'^ = const. /O. (29) 

r— >oo 







Q^,U ^ (,^0ßP0>^^g^^ 






= 9'". 


At this point, we recall that 




jV = ^~<r/2f)Wg^,^ 


satisfies 






J' = 


-1 


4^ *0 = ±10 4^ 



^In the case of general geometries g^,^ ^ G^i/ this is replaced by a quartic relation for J' [2E 



In Order to find such a symplectic form 0, we consider the following: Tlie Schwarzschild metric 
lias two Kilhng vector fields Vts = dtg and V^p = d^p. Hence, in Schwarzschild coordinates this 
leads to the ansatz 

= i0E + 0b = iE A dts + Ob, 
E = ivts^E = Erdr + E^d^} + E^dip, 
Ob = Brd{} Adip + B^dr A dip + B^d-d A dr 

= *0e , (30) 



which implements self-duality, i.e. 



supplemented by the conditions 



i.Ö = iO, (31) 



£v,0 = O. (32) 



A Solution which satisfies the required asymptotics (i29l) is then given by 



Tr 



E = ci l cos 'ddr — r (1 ) sin 'dd'ß j = d{f{r) cos d) , 

B = ci (r sin 1? cos t^d'!? + r sin 'ddr^ = — d{r sin "d) . 
O = iE Adts + B Adif, 



Tr 



with /(r) = cir(l ^), /' = ci = const. , (33) 

r 



froni which one finds 



cl(l-—sm^^\ . (34) 



Details of the computation are given in Appendix|Äl This can be interpreted as a (complexified) 
electromagnetic field with asymptotically constant fields E, B pointing in the z direction, and 
e~'^ is indeed asymptotically constant. Other Solutions are of course obtained by acting with 
the rotation group on the asymptotic E resp. B field. 

Note in particular that we have obtained metric-compatible Darboux coordinates (resp. 
Hamiltonian reduction) x^ = {Hts,ts, Hip,{p} corresponding to Vts, Vip where the symplectic 
form is constant: 

O = icidHts A dts + cidH^ A dip , 
= Cid {iHtsdts + Hpdip) , 

Ft, = rcosi?(l-^), F^ = ^r2 sin2 ^? . (35) 

The Schwarzschild metric in Darboux coordinates reads 

ds' = _ (l _ !£) dtl + -j-^-^dHl + r2 sin2 Mp" + ^^dH^ , (36) 



with 



cte" 



1 



sm 



^y 



Notice that no dHtsdH^-teim. appears, i.e. the two 



Darboux blocks do not mix. The relations to the KiUing vector fields are: 



E 
B 






E„ 






cidHts = ciE^dx^" 

cidH^ = ciB^dx'' = iy^e , ß^ = V:;Q-1 , (37) 

(cf. Eqn. ()33p above). In order to obtain the Poisson brackets between the Cartesian niatrix 
coordinates, we will transform ts to Eddington-Finkelstein time t and invert it so as to derive 
9^'^. Subsequently, we will extend the ö-matrix to the seven dimensional embedding space of 
Eqn. (IlSp as that will provide us with the leading order commutator relations between the coor- 



dinates, i.e. [X", X^] ~ i9°'^. As shown in Appendix|Bl this leads to the following semi-classical 
commutation relations for the 7-dimensional coordinates X"" ~ x" = {t, x, y, z, cpi, 02, ^s}: 



/ 



^ab_ 



ee 
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iLüz4>3<P\ 




2r^ 





/ 



(38) 



e\- 



'1 



(39) 



This defines a Poisson structure on A^^, but it could also be viewed as a Poisson structure on 
the 6-dimensional space defined by (f)\ + (j)^ = </>3 which admits A^^ as symplectic leaf. As a 
consistency check, the interested reader may verify that relation (|26p is indeed fulfilled (on the 
4-dimensional submanifold M ), and that the Jacobi identity holds as well. 



2.3 Star product 

So far, we have worked only in the semi-classical limit. In order to see some efFects of the 
space-time quantization, we may for instance compute the next-to-leading order commutation 
relations. For this purpose, recall the Darboux coordinates x^ = {ts, Hts,(p, H^} we derived 
in (j35p . Since in these coordinates the Poisson structure 9^^'^ (of the 4 dim. submanifold A4^) 
is constant, we can easily dehne a Moyal-type star product [3|, IJ] as 



(g*/i)(xß)=5(xD)e-K^-''5^"^^'')/i( 



with 



0'n=<^ 



/ i \ 

-i 

1 

V 0-10/ 



XD), 



(40) 



(41) 
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where e = 1/ci <C 1 denotes the expansion parameter. In order to derive a star product in 
terms of the Cartesian coordinates x^ = {t, x, y, z}, all we need is the coordinate transforniation 
76\i of Appendix [B] leading to 



{g-kh){x) = g{x)exp 



2\\ r[r - rj 



+ 



dt - d , 



<- 



tr 



+ [dj:X+ dyy 



1 



x^ + y^ 



A [xdy-yd^j 



h{x) 



(42) 



where the wedge Stands for "antisyninietrized" , and when considering the expansion one must 
take care with the sequence of Operators and the side they act on (left or right). One can then 
compute next-to-leading order contributions to the commutation relations ([38|) . Some of the 
relations can be computed to all ordere, i.e. 



[tU]= ee^ , 



[x*y] 



^e 



[tlh 



-ee 



2^2 



[z1h] = 0, 



(43) 



while the others receive corrections — see Eqns. (f78|) -(f83|) in AppendixiBJfor the füll expressions. 
Hence, also the embedding constraint (pf + (/)2 = <j)\ is niodified under the star product, i.e. we 
have 



H + «02 t 01 - #2 



1 * 01 + 02 * 02 
3 0^2 



,9 <) ^oüj e 
63 + e^-^^ 



1-3^) +0(^^), 



(44) 



while 03 • 03 = 03 to all Orders. This could be interpreted as non-coniniutative correction to 
the embedding geometry. 

3 The Reissner-Nordström geometry 

In this section, we continue by presenting the semi-classical quantization of another geometry: 
the Reissner-Nordström (RN) geometry. 

3.1 Embedding of the geometry 

We Start by considering the usual RN metric in spherical coordinates x^ = {t,r, 1?, 93}: 



ds' 






1 



2m 



1 Am I 



■^It is also interesting to note, that the quantities {z, <^3, H^f^}, where 
commute with each other to all Orders in e. 



dr'^ + r'^dn . 



x± — X ±iy , 



(45) 
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where m denotes the mass and q is the charge of the black hole. This geometry has two 
concentric horizons at 



rh= [m 



±V' 



m^ 



(46) 



and in the following, we assume that q^ < m?. In order to transform this metric into coordinates 
which are siniilar to Eddington-Finkelstein, we consider radial null geodesics. These are given 

by 



2m q^ 

1 + -.. 



2m q 



dt 



n 



1 _ "^m _ 1 



,dr' 



+ 



{dp - idr*f) 



(47) 



defining the tortoise-like coordinate r* . The in and outgoing geodesics are V = t + r* and 
U = t — r*. Explicitly, we have 



r + 771 In r — 2mr + (/ H - In 

2\Jm^ — q"^ 



\Jw? — q^ — (r — ?7i) 



^Jm? — q^ + (r — m) 



(48) 



As in the Schwarzschild case, we use this coordinate to shift the time-coordinate according to 

t = t + {r* -r), (49) 

and arrive at the transformed RN metric 



ds^ 



2m a \ , 9 / 2m q \ , , ( 2m q \ , o o ,^ 
1 + ^]dP + 2i ^] dtdr + 1 + ^\dr^ + r^dÜ . 



(50) 



Observe, that the metric ()50p has exactly the same form as the Eddington-Finkelstein metric 
(jlip of Schwarzschild geometry, but with the replacement 



r 



2m q^ 



(51) 



Hence, motivated by the Schwarzschild geometry case, we can use the 10-dimensional embed- 
ding 7W^'^ ^-7- R^'^ with the additional coordinates (j)i given by 



he 



iLü{t+r) 



1 2m 

93 = -\ , 

io \ r 

<P& = • 



>i + ^92 

io \ r 

h + ick^ = </'6e'"^*+'^ , 4 = — • (52) 

Note that (j)^, 04 and (j)^ are time-like coordinates, i.e. we consider the background metric 

Vab = diag(-, +, +, +, +, +, -, -, -, +) . (53) 



Like in the previous case, u) does not enter the induced metric (|50j) . but is hidden in the extra 
dimensions 4>i. For r — >■ cx), the (pi become infinitesimally small and hence asymptotically, the 
four dimensional subspace becomes flat Minkowski space-time. 
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3.2 Symplectic form 



A self-dual symplectic form © can be computed in the same way as in the Schwarzschild case 
leading to metric compatible Darboux coordinates x^ = {H^,t,H^,ip} with 



Hf = rj cos ■(? = Z7 , 



H, 



•fi 



= idHi Adi+ dH^ A ip , 
e~'^ = 7 sin {} + a cos t? = 7 ( 1 



r'^ . 2 a x^ + y^ 
a — sm v = a 



q'^z'^\ z^ 



7 



2ra q 

^- — + ^2 



Q 



i-C 



and the RN metric in Darboux coordinates reads 



ds' 



-jdP H dHf + r^ sin^ Mip^ + 



= 21 — - — 



dm 



r^ sin^ "d 



(54) 



(55) 



a form similar to the according Schwarzschild metric ([36l) . In the limit q — )• these expressions 
reduce to those in the Schwarzschild case. Furthermore, one can easily check that i^O = iO 
and G^u = g^y. 



3.3 Star product 

A Moyal type star product can easily be defined in Darboux coordinates as 

with 



e'i^ = e 



/ i \ 

-i 

1 

\ 0-10/ 



eGR. 



Transforming these Darboux coordinates back to the Cartesian ones, where 

t = i+{r* -r), r"^ = x^ + y^ + z^ , 

we eventually find 



and 



dH, = e^ 



dn^ 





9t = öj, 


dip = -ydx + xdy , 


z 

a- 

r 




"(7- 


-l)dt- v-d, 

r i 


+ ^- — n {xdx + ydy) , 
x^ + y^ 



z 
7 + r/— 



(56) 



(57) 



(58) 
(59a) 



(59b) 
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(cf. the abbreviations defined in Eqn. (j54p ). The star product in Cartesian coordinates hence 
reads 



{g-kh){x) =5r(x)exp 



^ (i a //- A dt+ Oh^A (9 < 



h{x) 



(60) 



with Eqn. (I59ap and Eqn. (I59b[) . where once more the wedge Stands for "antisymmetrized" , 
and when considering the expansion one must take care with the sequence of Operators and the 
side they act on (left or right). The first order results for the star commutators between the 
lO-dimensional embedding coordinates are given by Eqns. (j6ip : 



g,,U 



ee 



/ 

(l"7)i/ 
r 

1 r 

V iß 



-(l-7)y _|_ iq'^xz 
r ' r-4 



-e ' 

yzTj 



(l-7)a: 



iq^yz 





-xzr) 



-iß\ 



xzr) 



/ 



(61a) 



* rrß\ 



/ -izaftii^) y/+2(^) iq'2xzuj4>2 -^fjiil) 

— 1 



ee 



-izaf2^(^) yf 2i{i) iq'^xzui^i 

— 2203Q 

-»^"/■5(i-) 

r 
-«^0/54(1) 



^703 

yf45 (7) _ iq'^xzuj<l>5 
r r^ 

yf^iil) I iq'^xzuj<l>4 

r "' r^ 



iq^yzuj(f>2 

"^ 

~^-f21\2) I iq^yzwcfii 

z 1 Zi — 



-3^/45(7) _ iq^yzuj<ps 



-xfsji'y) 1 iq^yzüj<j>4, 
r "l 7^ 



iuj(j)2ß 

—iuj(j)iß 


iujcp^ß 

—iucfiiß 




(61b) 



'^i ) Yji 



with 



/ 



ee 



iijz(f>^a 

tcüZ(p^(p2a 

2p 
iLüz<pi(l>sa 

2^ 
iujzag^ 



—iu)Z(l>'^a 
2^ 



-iu]z<l)3<l)ia 

2r^ 

üüzag^ 

2r2 

-iLüZ(p24'i^ 

. -ir^. 



iüJZ(f)s<piOi 



2^ 

iLJZ(p^(p4a 
2p 





—iujz(pi(pc,a 

2P 

-lujzag^ 

2a; 2:03050 
2r^ 





iuJzq)5(l)Qa 



iüJZ(f)2<l>40i 
lUJZ(pZ(pAOi 

2r^ 

—iLüZ(p^a 



—iLüZ(l}4(pcia 



-lLüZ(pS 



iujzip3< 



14 a 







-pr 

iLjZ(j>4q 



4>6Ct 



(61c) 



f^{Y)=(-cp,±u 



■3 ' 



ß=[l 



2^2 



^306 + 0105) = (0306 + 0204) 



and the abbreviations defined in Eqn. ([M]) . Although some of these commutators are 
all Orders, i.e. 



(61d) 
exact to 



[zt03] = [^t06] = [03t06]=O. 

^z03a 



[t t 03] = iee° 



2^2 ' 



[t* z\ = -iee^ß , 
[tt0a] = ^ee^^ 



(62) 
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higher order corrections in other commutators and relations appear as in the Schwarzschild 
case above. For example 

4)1 -k (pi + (f)2 -*^ <p2 / 03 * «As , 

(f)4-k(f)4 + (f)5-k(f)5^ (t)Q-k(f>Q, (63) 

which again could be interpreted as non-commutative correction to the embedding geometry. 

4 Discussion and conclusion 

In this paper, we have provided exphcit reahzations of the Schwarzschild and the Reissner- 
Nordstöm geometry as non-commutative Spaces in the framework of matrix modeis. Our con- 
struction is based on suitable embeddings of these classical geometries A^'^ C R^ ("branes") 
in higher-dimensional flat Spaces. These 4-dimensional branes are equipped with certain self- 
dual symplectic structures, which dehne the non-commutative form of these Spaces via a star 
product. These embeddings and the corresponding symplectic structure are chosen such that 
they are asymptotically constant. To be more precise, for r — )• oo they reduce to the usual 
Groenewold-Moyal quantum plane which is trivially embedded in K, . At the semi-classical 
level, the central singularity is reflected by the fact that the embedding escapes to infinity. 
Non-commutative effects are expected to modify this behavior, which is however not addressed 
in the present paper. 

The requirement of asymptotic triviality is not satisfied by the Standard embeddings e.g. 



of the Schwarzschild geometry in the literature |l4l4l6l| . This requirement is strongly suggested 



by the matrix model framework, because the effective action may contain terms which depend 
on the embedding of A^ C R^ and not only on its intrinsic geometry. In fact, hat Groenewold- 
Moyal quantum planes are always Solutions of this class of matrix modeis, independent of e.g. 
vacuum energy contributions. Asymptotic triviality is also natural since we want to consider 
our Solution as a perturbation of some larger cosmological context through a localized mass. 
In other words, the embedding presented here should naturally generalize to many-particle 
configurations. 

Another important aspect is that e~'^ , which essentially sets the scale of non-commutativity, 
is also asymptotically constant and non-vanishing. This must be so because e~'^ determines the 
strength of the non-Abelian gauge coupling in the matrix model '2a]. We found that gfj,,y = G^y 
(i.e. the embedding metric coincides with the effective metric, which is certainly very natural) is 
indeed compatible with asymptotically constant 0^^ and e~'' . However, e~'^ becomes non-trivial 
as one approaches the horizon. In fact, it turns out to vanish on a circle on the horizon, where 
the "would-be U{1) gauge fields" corresponding to 9~^ vanish. This result, if taken literally, 
is somewhat problematic from the physics point of view: if 0^'^ is really a rigid condensate 
determined by its asymptotics at infinity, then the rotation on the earth with respect to such a 
background would lead to small variations of the gauge coupling constant during a revolution 
(however other quantities may also depend on e~" and lead to cancellations of such an effect). 
There are stringent bounds on the variations of the fine-structure constants [26.] . which might 
exclude such an effect. If so, this would not rule out the framework, but it would strongly 
Support the idea that the Poisson structure 9^" should be integrated out resp. averaged over, 
rather than being a large-scale physical condensate. This is indeed very natural, since some of 
the degrees of freedom in 9^'^ essentially decouple from the other fields |9| . The effective action 
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would then only depend on a Single effective metric G^y. This is a very attractive possibility 
which will be pursued elsewhere. 

We also remind tlie reader that the appropriate equations governing 6^^^ and therefore e~" 
depend on the precise form of the action. G^jy = g^^ is certainly natural and appropriate for 
Yang-Mills models, but was simply assunied here. Relaxing this condition might also simplify 
the somewhat unusual reality properties of 9^^ . There are a lot of other obvious issues arising 
from our construction which deserve further studies, and the present paper should be seen as 
first Step of a more general line of investigation. In any case, we have shown how realistic 
gravity can arise within this class of matrix models, in a very explicit and accessible manner. 
This should be enough motivation for further work. 
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Appendix A: Derivation of the symplectic form Eqn. (1331) 



Considering Eqn. (pÜl) we can make the additional ansatz that Q is invariant under the Killing 
vector fields, i.e. >C\4^0 = 0, and moreover £14^* = -^Cvts- This implies dE = = Cy^^E, and 
together with Cy^E = we obtain 

E = Er{r, ^)dr + E^{r, ^)d^ = dxßir, i?) • (64) 

Similarly, Cy^0 = implies b = B Adtp with 

B = Brd^ + B^dr = dxßir, -&) ■ (65) 

Now we need to work out 

*0 = -^gaa'gßß'e^'^'^'e-^dx'^ A dx^ , (66) 



where in Schwarzschild coordinates 





SU = (1 - ^) 




9M = r^, 




■\/\g\ = r sin 7? . 


So if we dehne 





g^^ = (!-—) 1 

r 
gipip = r"^ sin^ T?, 



(67) 



0ß ■= -k0E = -k{Erdr + E^d^) A dt 

= ^ ^ „ (r'^ W 'dErdMif - r'^il - —Y^ W ^E^drd^p 
r^sinw V r 



sini? [r^Erd'd - (1 - — )~'^^dr j A d<f 

{Brd'd + B^dr) A df , (68) 
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and if that is closed, then = i©E + *0£; is self-dual. Explicitly, for 

E = d{f{r) cos {}) = f cos Mr - f sin Mi3 = Erdr + E^jd-d 



(69) 



we need 



so 



= d ( r^Er sirn? dl? - (1 - —)~^Eß sin t9 dr 



d [ r^f sin {} cos M{} + /(l - — )"' sin^ Mr 



dJr^f) sini? cos-i^dr ^d{} + 2/(1 - — )-^ sin t? cos t?^?? A dr , 

r 



(70) 



drir'f) = 2/(1 



'Cx_l 



rV" + 2rf' - 2/(1 



'c^_l 



0, 



(71) 



which has the Solution 



fir) = ciril-'-^) + c,Ul-'^^ + i^-l)Hl-'-^ 



(72) 



For C2 = we get Eqn. (j33|l which has the desired asymptotics as an asymptoticany constant 
external field. Then 

1 



vIF^ = Pfaff(ö;J) = -e^'^^^'^ö-Jö-J 



which yields (jM|) . 



("rt "i}ip "^m "Tip . 
{ErBr — E^Bß) 



fii/ pa 



f^r^ cos^ t? sirn? + /^ sin'^ t?(1 - — 

r 



Cn-1 



C]^r sin-i^Jl — sin -d — ) , 



(73) 



Appendix B: Commutation relations for Schwarzschild 
geometry 

From Eqn. ([35|) we can ininiediately read off Ö^J in Darboux coordinates, and its inverse leads 
to the Poisson brackets 



l^D'^Di 



/ i \ 

-i 

1 

v -1 y 



(74) 
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where e = 1/ci. Using the relations 



Hts = r^ cos ^ = z (1 



H,r 



1 



r sin tD 



1 



2 2 

r 



+ y'), 



1 



^5 = t - Tc In 
r = y x^ + y'^ + z'^ , 
we transform the set of coordinates to {Hts,ts, H^,, y?} — )• {t,x,y,z}, and get 



(75) 



ö, 



Hts 



TrZ 



r (r — Tc) 



öt + ö. 



dts = dt , 



d 



ä I fc ^ rrZ ^\ 1 



'^^=e" 1^2 Öt 



d^ = -ydx + 2;<9y , 






3--; ' ^2 , „2 (^^^' + yö?/) ' 



(76) 



where e "^ = ee '^ is the Jacobian determinant of the transformation. We hence arrive at the 
foUowing Poisson brackets in terms of the Cartesian coordinates x^ = {i, x, y, z}: 



{x'^,x^} = ee'^ 



/ 

rcV 



\ 



i 



_Tcy TeX 

e"^ 

-e-^ 
Tcyz 






/ 



(77) 



Using these, one easily works out the remaining Poisson brackets with the embedding functions 
(j)i of Eqn. (fTTl) . namely {x^,4>i{x)} and {(?i)j(x),(/)j(x)}, leading finaRy to (f38|l . 

Next-to-leading order commutation relations: To third order in the expansion param- 
eter e one finds the star coniniutators 



[t*x] = -ie^y - e^yFt^y + O (e^) 
[t*,y] = i€'-^x + e^xFt^y + O (e^) , 



Tee' 
r 
Tee' 
r 

[tU] = ee^ , 
[x* y]=ie, 

Tcze 



X , z\ 



-ley- 3 
Tcze 



e^yF.^y + O (e^) , 



[y1z] = -iex^4- + e^xF,,y + O (e^) 



(78) 
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with the abbreviations 

,5ä 



r e ( 
Ftxy = J. 14 f 7^r^(3r^ - dVcV + 8r^) - 'yrcr'^{6'jrc + 17r)z'^ 



rcze 



F..y = -^ h^r'^ir! - ir,r + 5r^) + 27(7^ - 3)r,r^z^ + r,SM . (79) 

Notice, that some expressions (i.e. the ones where O (e") is omitted) are exact to all orderO 
Purthermore, we find for the embedding functions <j)i to third order in e: 

[t t M = -ee^if+{0) + ö (e^) = -ee^^ [^ + u<P^ + e'^Ft^u + O (e^) , 
[t t </)2] = -ee-^^/sKO) + O (6^) = -ee^'- (|^ - i^<P^ - e^^Ft^u + O (e^) , 

\t * ct)^] = -ee ^ , 

[x t (/>!] = -iee^^-fUrc) + ^'^^.^.(^i, ^2) + O (e^) , 
[x t 4^2] = -iee^^-f2i{r,) + e'yFxy{-^2,h) + O (e^) , 
[x t H] = -^6e^^ + e^yF^sxy + O (e^) , 



[y t <Ai] = iee^-/+(r,) - e3xF,j,(0i, ^2) + O (e^) , 
[y t H = iee^-f2i{rc) - e^xFxy{-(p2, (ßi) + O (e^) 



[y t «As] = ^ee^^ " e^xF^^.y + O (e^) , 

[z t (Ai] = ee'^w./.a + e^<p2F,4,i2 + O (e^) , 

[z t (/)2] = -ee-^w./.! - e30iF,<^i2 + O (e^) , 

[zt<^3]=0, (80) 

with 

Ft^i2 = ^-^^ (27e^Hz^ + r'^il + 7)) " 67^' + e''(3(7 + 7(8 + 5j)y + 2z') 



- Se^'^ ((9 + 27(8 + 77))r2 + 7z') 

"^^^-y = ^^'"^(157'^^ - 27 (8 + 7 (9 + 7(157 - 32))) 
+ (1 - 7)2 (20 + 7(157 - 34)) /) , 



*However, while this is the case for the commutator [2; * y] = ie, the according anticommutator does in fact 
have higher order contributions, i.e. 

[z t y]+ = 2xy - xj/ (^^^^ - ^^-j^) + O (.«) . 
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3„3ä 



uj e 



F.^12 = ^(e"" - 1) ((9e^ - 4)^2 - r^) , (81) 

and 

- 2üj(j)jr^ {ibrl - AQrrc + SSr^) 7^^ + 2r,, (l5r^ - Ißrr^ - SSr^) 2^7 + r^ (l5r^ + Srr^ + Or^) fj 

- 370i [157'^r^ + 2rc [ihrl - lirrc - lOr^) z^-^r^ + r^ (l5r^ + Arrc + r^) z'^] ) • (82) 
Finally we also have 



5i T f?>2j = ee 



ä^#3 , ,3 „3ä^ ^' 



3,^2 



2r2 16r6 



+ eSe^'^^-f^ 4e'^(r2 + z^) - r^ - 9z'e'n + O {e') , 



h, t h] = -ee'^^^ - e'ct>,F^3i2 + O {t>) , (83) 



with 



0312 -e -^^ 



F6312 = e^'—r^i (1 - 226^^ + SGe^^Xx' + y') - (7 - 38e'^ + ^e^^y . (84) 
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